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Creep, Plasticity, and Fatigue of Single Crystal Superalloy

Alexander Staroselsky1* and Brice N. Cassenti2

Abstract

Single crystal components in gas turbine engines are subject to such extreme
temperatures and stresses that life prediction becomes highly inaccurate resulting in
components that can only be shown to meet their requirements through experience.
Reliable life prediction methodologies are required both for design and life management.
In order to address this issue we have developed a thermo-viscoplastic constitutive model
for single crystal materials. Our incremental large strain formulation additively
decomposes the inelastic strain rate into components along the octahedral and cubic slip
planes. We have developed a crystallographic–based creep constitutive model based on
Orowan’s law and applied specifically to sigmoidal creep behavior. Inelastic shear rate
along each slip system is expressed as a sum of a time dependent creep component and a
rate independent plastic component. We develop a new robust and computationally
efficient rate-independent crystal plasticity formulation and combined it with creep flow
rule calibrated for Ni-based superalloys. The transient variation of each of the inelastic
components includes a back stress for kinematic hardening and latent hardening
parameters to account for the stress evolution with inelastic strain as well as the evolution
for dislocation densities. The complete formulation accurately predicts both monotonic
and cyclic tests at different crystallographic orientations for constant and variable
temperature conditions (low cycle fatigue (LCF) and thermo-mechanical fatigue (TMF)
tests). Based on the test and modeling results we formulate a new life prediction criterion
suitable for both LCF and TMF conditions.
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Introduction

Failure is a localized process evolving in time and leading to global structure instabilities
when a limiting state is met. This paper describes how the material properties and loading
affects the damage initiation and propagation. High temperature superalloy material
damage is most closely tied to crystallographic slip along definite crystallographic planes.
Among micromechanical deformation mechanisms, slip along crystallographic planes
controls the evolution of the microstructure in materials, and in turn, leads to failure.
Energy dissipation in a loaded structure could take place either by plastic deformation or
by microcracking. Although materials plasticity decreases structure susceptibility to the
cracking, when the density of plastic defects becomes too high, secondary cracking might
be initiated. Under applied stress, slip bands run into each other, generating new
dislocations and also forming a dislocation pile up next to an obstacle. This means that
slip bands intersection may result in the appearance of cracks.

We studied the micromechanics of the high temperature creep, plasticity, and damage
accumulation in single crystal nickel base superalloy. These alloys are used in turbine
blade and vane applications in advanced commercial and military gas turbines and in the
turbopumps for the space shuttle main engines. Significant progress in airfoil design led
to development of thin hollow air-cooled and film-cooled blades reducing the alloy
temperature. However, this process causes high temperature gradients in the blade
making local creep and thermo-mechanical fatigue (TMF) a problem that is crucial in the
proper blade damage tolerant design (Cowles, 1996). The final objective of such a study
ultimately should be the development of a robust predictive tool to relate single crystal
structure macroscopic behavior and fracture crack initiation to micromechanical events
(Rubeša, 1996). Modern blade design still relies mostly on empirical approaches,
because the nonlinear cyclic visco-plastic structural analysis for single crystal blades
requires advanced material constitutive and damage evolution models that still have not
reached maturity and are computationally expensive. Historically, only secondary creep
effects were considered (e.g., Larson-Miller, etc.) in engineering calculations. However,
during thermo-mechanical loading of high temperature single crystal turbine parts, all
three creep stages: primary, secondary and tertiary, manifest themselves and none of
them can be neglected (Epishin and Link (2004), Staroselsky and Cassenti (2006)).
Account must be taken of all creep mechanisms, and is especially important in the case of
non-homogeneous thermal loading of components with extensive stress redistribution and
relaxation. We have developed a unified materials constitutive model including
thermally-dependent creep activation mechanisms for different crystallographic
orientations. The model extends existing approaches (Nissley et al. 1991, Cuitino and
Ortiz M. 1993, C. Allen 1995) to increase the accuracy of elastic-visco-plastic material
deformation response predictions for cyclic and thermal-cyclic loading. We have
experimentally observed and simulated, with our unified microstructure-based model,
loading cases with only primary and tertiary creep regimes (no secondary creep) as well
as creep without any noticeable primary creep. The approach used in simulations of the
deformation process of L12 single crystal gives us a tool to obtain the deformation
behavior of these structures (Staroselsky and Cassenti 2008).
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The purpose of this work is to predict stress-strain evolution and crystallographic lattice
re-orientation during finite visco-plastic deformation. We also aim to evaluate low cycle
and thermal fatigue life for generic non-isothermal cyclic loading to simulating typical
portions of aircraft engine mission. For such a purpose we need to analyze combined
creep and plastic regimes, concentrating on cyclic plasticity effects. Low cycle fatigue
(LCF) as well as TMF are cyclic plasticity (inelasticity) driven processes. Therefore, we
concentrate on combined plasticity and creep deformation predictions. In such a regime,
long time dwell effects follow high stress but relatively short periods of elastic-plastic
deformation. From a modeling standpoint, we have to decompose the inelastic
deformation (or inelastic velocity gradient) into plastic and creep (i.e., high rate sensitive
viscous) deformation. Hence, the possible rate dependent nature of the plastic part of the
flow rule will interfere with creep predictions ultimately resulting in numerical errors.
Typical creep and creep/fatigue tests last hundreds of hours but our numerical
experiments with a plastic model rate sensitivity of 0.03 (n=33) demonstrated that even
this low rate sensitivity significantly affects the strain behavior after about 300 hours of
tests. This strain might be eliminated by increasing the exponent to the level of 100 or
even 250 and higher, as shown in (Pierce et al 1983, Needleman 1988, Kalidindi and
Anand, 1994) but this leads to stiff numerical equations with their corresponding
computational difficulties. It is also important to note that the rate sensitivity of Ni-based
superalloys is small, which in turn leads to high values of the exponent, n. The alternative
and numerically efficient way of accounting for plasticity is to develop a rate-
independent model which can be easily combined with creep terms. Some of the earliest
time independent formulations were proposed by Kremple (1976), Valanis (1976),
Walker (1980), Cassenti (1983), Pierce et al 1982, and Chaboche (1986). However, the
rate-independent model should be free of limitations inherent in the rate-independent
idealization. One of them is the long standing problem of the loss of uniqueness of the
choice of active slip systems and slip increments. Our new general approach for rate
independent plasticity formulation uses the idea that the plastic strain rate is proportional
to an energy rate and ultimately cancelling the time differential in the denominators of
derivatives, resulting in a rate-independent formulation. Both isotropic and kinematic
hardening are included using the time dependent formulation. Our rate-independent
formulation combines the advantages of the rate dependent power law and the numerical
efficiency of rate independent approach. As will be shown in this paper we relate slip
systems shear increments with the effective shear stresses acting along these systems thus
uniquely defining an incremental solution. We verified our formulation by making it
agree exactly with a rate dependent plastic formulation with low rate sensitivity (n=100).
In this paper we in particular focus on the development of a generic rate-independent
crystal plasticity model suitable for cyclic non-isothermal elastic-plastic-viscoplastic
analysis.

The final goal of the constitutive modeling is to predict the expected life and the failure
modes of single crystal components. Although we should develop a framework for such
an analysis, unfortunately it is beyond the scope of this paper. However, our model is the
perfect tool for the prediction of shear localization leading in turn to the material failure.
Mathematically, shear localization corresponds to the loss of ellipticity of the governing
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equations (Rice and Rudnicki 1980, J. Schröder 2004). It was shown (Needleman, 1989)
that rate sensitivity affects the stress-strain behavior and precludes shear band formation.
In our rate-independent plasticity model there is no abrupt change in model behavior with
increases in the stress. Due to the fact that this model can be combined with a broad range
of hardening relations it makes this framework an important tool for generic static and
dynamic materials deformation predictions and stability analysis.

Summarizing, we have developed and examined in detail a creep model predicting so-
called sigmoidal (V. Levitin, 2006) creep for a broad temperature range for superalloy
applications and combine it with a new plasticity formulation that is time independent but
does not possess a yield surface. This is very important for the analysis of stress – strain
distribution due to significant temperature changes. At high temperatures creep is the
dominant mode of deformation and because of stress redistribution the applied stress
levels remain at moderate levels and do not result in plastic deformation. However, after
the cooling creep deformation simply disappears and inelastic deformation takes place by
plasticity which does not vary with temperature as strongly as creep. Our creep
experiments show that creep rates follow an Arrhenius type relationship with the value of
the activation energy varying slightly around atomJE=Q /197.0  with some increase
of the activation energy for the temperatures below 700 C. Hence plasticity plays a major
role in residual stress generation after cooling during cyclic thermal loading.

The prediction of component fatigue life is based on empirical or semi-empirical
relationships, (for example, the widely used SWT relation described in Smith et al. 1970)
requiring the knowledge of detailed stress - strain variation with time as well as the time
evolution of damage parameters. The advanced constitutive model is an indispensable
tool for stress-strain analysis during transient structural analysis and for the accurate sub-
modeling of the part of the structure susceptible to the excessive temperatures and/or
loads. The appropriate model should be able to reproduce the observed hysteresis loops
(Rubeša, 1996), stress evolution and redistribution. The hysteresis loop evolution due to
latent and kinematic hardening, strain ratcheting under loading with non-zero mean axial
stress (Abdel-Karim and Ohno, (2000), Bari and Hassan (2000)), and the stress-strain
loop stabilization are probably the most important phenomena observed during LCF and
TMF. For example, ratcheting accelerates damage accumulation and reduces the fatigue
life. During out of phase TMF tests, ratcheting leads to significant increases of the tensile
stresses at low temperature eventually causing specimen cracking. While the low
temperature materials response can be modeled by rate-independent plasticity, high
temperature creep is essentially rate-dependent causing additional stress relaxation
affecting cyclic hysteresis loop. Defining fatigue as an inelasticity driven process of
cyclic damage accumulation, we have to be able accurately predict stress and strain
variation in a cycle as well as overall cycles evolution during service. In order to achieve
this, we verify our constitutive model predictions for cyclic isothermal and non-
isothermal tests over a broad range of boundary conditions and single crystal
crystallographic orientations. Based on calculated stress-strain hysteresis loops and
measured LCF and TMF cycles to failure we propose a simple life model which can be
used to predict both LCF and TMF cycles to failure for Ni-based superalloys.
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The constitutive model has been implemented in the commercial finite element software
ANSYS as a material user routine. The model is calibrated against stress-strain and
crystallographic texture predictions using creep and plasticity test data up to 25% strain.
Our non-isothermal, crystal elastic–visco-plastic model can used to predict the stress and
strain distribution, cyclic ratcheting and the residual stress accumulation needed for life
prediction due to LCF and TMF conditions.

The plan of the paper is as follows: In the next section we review the basic governing
equations. After this, we formulate the transient creep flow rule representing high
temperature behavior of single crystal Ni-based superalloys. In the section 4 we propose
the new rate-independent plasticity formulation and also verify it for a few examples. The
combined evolution model is applied to a number of isothermal and thermal-mechanical
fatigue loading conditions and results are verified against original test data in section 5.
In section 6 we formulate a life prediction model and apply it to forty LCF and TMF
coupon test results. We close with some discussion and some final remarks.

2. Governing Equations

The deformation of a crystal is taken as the sum of contributions from an overall elastic
distortion of the lattice and generalized inelastic deformation. The governing variables in
the constitutive model are taken as: (1) the Cauchy stress T, (2) the deformation
gradient, F and (3) plastic deformation gradient Fp with detFp =1. Each crystal slip
system is specified by a unit normal 

0n to the slip plane, and a unit vector α
0m denoting

the slip direction. Generalized inelastic deformation is maintained through the twelve
octahedral slip systems <110>(111) and the six cube slip systems <110>(001) that also
contributing to the visco-plastic flow of Ni based superalloys tt high temperatures. The
material model parameters are different for the octahedral and cube slip systems.

Kinematics

The elastic deformation gradient is defined by decomposition of the total deformation
gradient as follows: 0detand  eine FFFF . eF describes the elastic distortion of the
lattice; and gives rise to the stress T. For metallic materials the constitutive equation for
the second Piola-Kirchhoff stress tensor is taken as a linear relation

 1FFE*

]Α*C[ET*
eeT

2
1 

 )( 0 (2)

where A - is the rank two thermal extension tensor
C – is the temperature dependent anisotropic elasticity tensor, is the

temperature and  is the reference temperature. The elastic strain measure is the
Cauchy-Green tensor. The Cauchy Stress tensor is the work-conjugate stress
corresponding to the Cauchy-Green strain elastic measure and is calculated as follows:
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eT*e
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FTF
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)det(
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The evolution equation for the viscoplastic deformation gradient is given by the flow
rule:

αααα nmSSL

FLF






systemsslip

in

ininin





(4)

The shear rate along each slip system  is given in terms of the resolved shear stress
(RSS) α* ST  , slip systems resistances and equilibrium stress (or back stress).
Expression (4) has the incremental flow rule form as follows:

)()()()()( tγ+=tτ=τ in

α

αininin FS1FLF α
0 (5)

We decompose the deformation velocity into creep and plasticity parts as follows:

cpin LLL  (6)
combining creep deformation and rate independent plastic deformation. At each time
both the plastic and creep deformation increments depend on the cumulative inelastic
deformation gradient achieved by this time. If we additionally specify that both creep and
plastic deformations take place by slip along specified slip systems, then the total slip
increment can be decomposed in the following way:

  creepplastic  . (7)

Evolution of crystallographic texture is explicitly defined by the elastic part of the
deformation gradient.

α
0

Teα
t

α
0

eα
t

nFn

mFm





(8)

This paper focuses its attention on high temperature deformation, where the octahedral
and cube slip systems are the major deformation mechanisms. Possible contributions
from other slip and twin systems, sometimes observed at low temperatures, are not within
the scope of this paper. In order to complete the governing equations we have to
formulate specific flow rules for creep and plasticity.

3. Flow rule for creep

We use viscoplastic models to represent the macroscopic mechanical response of the
single crystal material. An increase in the density of mobile dislocations causes a rapid
rise in the creep deformation rate c . In turn this leads to tertiary creep, and can reduce or

6
Approved for public release; distribution unlimited.



even eliminate the secondary creep stage. Such a behavior is often observed in Ni-based
superalloys and sometimes referred to as sigmoidal creep. This dislocation driven
mechanism does not directly affect crystallographic structure or material elastic
properties. In order to describe these observations, we use Orowan’s assumption that the
creep strain rate is proportional to the density of the mobile dislocations, m. If we denote
an arbitrary reference dislocation density throughout as 0 , then the dimensionless

parameter
0

m serves as a measure of the mobile dislocation density, and can be used to

predict tertiary creep. We have used a standard viscoplastic power law creep with a back
stress (Nissley et al. 1991) to represent the response of the material. The constitutive law
for the creep strain rate along th slip system,  sec is written as follows:

  




















kT

Q

s

n

m expsgn
0

0sec





 






  , (9)

where 0 is a (generally speaking, temperature dependent) time constant, s is the

deformation resistance of -th slip system, and 
 is the resolved shear stress. Our

creep experiments show that creep rates follow an Arrhenius type relationship with the
value of the activation energy varying in the range from 196.97o E=Q >ct to for
octahedral slip systems to atomJE=Q ube> /197.30c  for cube slip systems for the
temperatures above 700 C. State variable  is the slip system back stress representing
kinematic hardening, n is the creep exponent set to be equal to 3 in these simulations, and

)(  is the rate of change with respect to time.

We have chosen the evolution of latent hardening to be described by a modified Asaro

rule (Asaro 1983) 






  







 h

s

s
hs

p

*0 1 , with temperature dependent parameters

and a hardening matrix   )1( qqh  and 4.1q . It will be shown later in this
paper that accounting for temperature dependence of the initial slip resistance 0s is
crucial for the simulation of thermal mechanical fatigue (TMF). As one can see the latent
hardening is a monotonic saturating function with respect to accumulated inelastic strain.

Kinematic hardening (back stress) evolves according to the following relationship
(Nissley et al. 1991, Stouffer and Dame 1996)

   
 (10)

The back stress also has a limiting saturation value,  , corresponding to the end of the
primary creep stage. The back stress requires two additional coefficients  and  that
are explicit functions of temperature. It is important to note that hardening terms
indirectly account for rafting processes and for the microstructure evolution during the
first stage of creep.
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To complete the formulation of the creep constitutive model we need to define the
evolution equations for the dislocation density. Dislocation generation and motion
represents a non-recoverable state for the material. These states can be related to the
energy for the system through equilibrium statistical mechanics. We postulate that
dislocation generation rate is proportional to the rate of entropy production which can be
expressed by

0
1








 
 



slipn

i

i
ii

s
CS 


 , (11)

where the parameter C is a constant, and slipn is the number of active slip systems.
In this model we consider two types of the dislocations: mobile and pinned with densities
evolving over time. We have chosen to use concepts from chemical kinetics to represent
the dislocation evolution as two body interactions. We assume that dislocation
immobilization takes place when two corresponding dislocation loops interact with each
other. Taking into account that  is already a linear function of the mobile dislocation
density to represent two body interactions we immediately obtain relations for mobile and
pinned dislocations evolution along each slip system:
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(12)

where Μ and Π represent specific time constants, that are different for octahedral and
cube slip systems. A normalized plot of these parameters against temperature is shown in
Fig 1, ss

m , is the saturated mobile dislocation density,
ss
p , is the saturated pinned

dislocation density, and 2 is a positive weight constant. Equations (12) include the
generation of mobile dislocations and also include their conversion to pinned
dislocations. The dislocation density evolution governed by the differential equations
(12) allows for the prediction of exponential type creep strain behavior, specific for Ni-
based superalloys of L12 crystallographic structure. The maximum value of the back
stress  for cube systems is much higher at low temperatures and drops rapidly with the
temperature increase as shown in Fig 2. This change together with the rapid decrease of
the latent hardening cube slip resistance with temperature shows the increasingly
important role of cube systems at high temperature and their very limited effect on
inelastic deformation at low temperatures.

During the early stage of creep, dislocation nucleation and dislocation motion are the
principal creep deformation mechanism (Sugui et al. (1999), Rae et al. 2007). Dislocation
loops move mostly in the matrix channels (Pollock and Argon (1992)) maintaining the
generalized plastic flow. Thus, dislocations cross-slip causes strain hardening which in
turn decreases the rate of creep deformation. Increases in the dislocation density and in
the number of dislocation pile-ups makes further deformation more and more difficult,
resulting in the transition of creep from the primary stage to a secondary one.
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In order to predict primary creep in Ni-based superalloys, we have developed a rate-
dependent crystal plasticity formalism with a threshold stress on each slip system. Since
dislocation strengthening is proportional to the square root of the dislocation density (for
example, U. Kocks (1976) , H. Mughrabi 1975), we take the threshold value to also be
proportional to the square root of the total dislocation density. The threshold stress
reflects the resistance to plastic flow arising from hardening associated with an increase
of dislocation density and cross-slip. All threshold parameters as well as hardening
parameters depend on temperature.

 






















 


kT

Q

ss
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n

p
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p expsgn0 










  (13)

Where









0if0
0if

a

aa
a and  is temperature dependent fitting parameter.

In the formula for the back stress, parameter  is a characteristic time parameter
describing how fast the back stress converges to its saturation value  . Primary creep is
much faster process than secondary and tertiary stages, so this dictates a smaller value of
while the saturation value  is the same for all creep stages. With an increase in
primary creep deformations, dislocation density increases (see Eq. 12) thus reducing the
effective stresses to very small values. Simultaneously, the hardening s also increases
which effectively reduces the ratio in (13). Thus, the primary creep slip rate gradually
decreases from a significant value to zero. The total creep deformation rate for each slip
system is the direct sum of tertiary creep Orowan’s type  sec expression (9) and the
primary one (13) as:   sec  primarycreep . Primary creep has been mainly observed in Ni-
based superalloy at relatively low temperatures and high applied nominal stresses.
Typical creep curves obtained at 760 C and the model predictions are shown in Fig. 3. It
is very important to note that primary creep disappears with a decrease of the nominal
stress. Also, the amount of primary creep is much bigger during tensile tests along the
(001) crystallographic direction. The threshold parameter slightly decreases with
temperature but due to the fast growth of dislocation multiplication rate with temperature
rise, the whole term 

p
increases and effectively eliminates primary creep for the

temperature range above 950 C for moderate stress levels. Very interesting results have
been observed in creep tests conducted at 870 C loaded by two different nominal stresses.
Primary creep was pronounced if the nominal stress was 550 MPa and no primary creep
was observed if the nominal stress was 414 MPa. These creep test results together with
model predictions are shown in Fig. 4. The Figures 5a and 5b illustrate model
calculations versus test results for two crystallographic orientations <001> and <111> at
temperatures of 982 C and 1038 C in which primary creep region is insignificant.
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4. New time-independent plasticity formulation

In the previous section we have described our rate dependent (creep) model by using
appropriate constitutive power laws. Many turbine parts are subject to long term
viscoplastic deformations as well as time independent inelasticity caused by high stress
levels. This combination of creep and plasticity leads to severe damage accumulation
significantly reducing service life. In this section we formulate our new rate-independent
flow rule for crystal plasticity and compare the deformation and slip activities model
predictions against a classical power law. The presented formulation combines the
computational benefits of rate independent plastic behavior description with the
advantages of a rate dependent power method affirming the uniqueness of active slip
increments calculations.
As an introduction to the method let us consider an inelastic strain, p to be a single

value function of N state variables, i , such that  N
p f  ,...,2,1 . The time rate

of change of the inelastic strain will be given by


 




N

i
i

i

p f

1



  , (14)

Please note in equation (14) that, although there are rates on both sides of the equation,
the inelastic strain is not an explicit function of time. This can be seen if we consider the
definition of a derivative. The denominators in each of the terms contains a time change
that can be “canceled” to yield


 




N

i
i

i

p d
f

d
1




 (15)

Equation (15) clearly shows that p is not an explicit function of time. The same
conclusion will hold even if the relation (15) is not an exact differential. Hence, we can
write

 



N

i
iN

p G
1

2,1 ,...,   , (16)

and still be assured that p is not an explicit function of time or is “time independent”.

We use equation (16) to insure that the plastic strain rate is time independent by making it
proportional to another rate. Let us consider, for example, a plastic strain rate that is
proportional to the plastic work rate, pW , then we can write

   
dt

dW
WfWWf

dt

d p
ppp

p
ijp

ij  


 (17)

Dividing both sides of equation (17) by
dt

dW p

we get
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 p

p

p
ij

Wf
dW

d


 . (18)

Equation (18) makes p
ij a function of pW which is not explicitly dependent on the time,

and subsequently the model can be labeled as rate independent.
.

Next, let us apply this concept to formulate a crystal plasticity rate-independent flow rule.
For each of the slip systems the inelastic strain rate,  , is a function of the effective
stress for that slip system,    , and we could choose,

 
p

m

W
ss









 




 2 (19)

where x is the unit ramp function of x and s is a temperature dependent latent
hardening material parameter along slip system . We use the ramp function to satisfy
Kuhn-Tucker condition or in other words, there is no plasticity under unloading. Here we
simply interpret this condition in the physical sense: if the energy is added to a material
it might yield but if the energy is removed from the material ( 0pW ) then there is no
plastic deformation possible. The power law is used to limit activity of the slip systems
with relatively moderate values of the effective resolved shear stress, which is much less
than what is actually required for the active slip systems. Here we used the fact that
power function with the argument varying from zero to unity behaves almost like a
switch function for high powers where the closer to ideal switch (Heaviside function) the
higher the exponent is. In such a way we use the advantage of the power model to
guarantee the unique choice of active slip systems. In our case we can use values of the
exponent 30m which guarantees good selection of slip activities and should remain
free of the computational problems specific for rate-dependent power models with very
high values of the exponent values.

Equation (19) has assumed that only the plastic work contributes to the plastic strain, but
the total work rate may also be an important variable. Since ep WWW   , we can use a
weighted sum of the total and elastic work rates by replacing the plastic work rate in
equation (19) in the following way:
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where k is a temperature dependent material parameter. The sign of the shear rate is
defined by the sign of the effective resolved shear stress acting in the slip system. The
total work rate is given by3

ijij
ji

ijijW   
,

, (21)

and the plastic work rate is

3 Equation (21) can be readily extended to large deformation formalism by using appropriate stress and
strain measures. All of our results have been obtained using Cauchy-Green strain and Cauchy stress.
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   pW . (22)

Substituting relation (22) into equation (20) for the plastic work rate and solving equation
for pW we get the final form of the time independent plastic strain rate:
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Note that equation (23) is already rate independent. The derivative of the shear strain, for
each slip system is proportional to the total work density rate, and hence, the dependence
on time will cancel out. This relation can be re-written in incremental formulation as
follows:
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(24)

Thus, we have formulated a rate-independent flow rule which automatically guarantees a
unique selection of active slip systems at each time increment without any additional
criteria and constraints. We also introduced one more model “weight” parameter

10  k . If the value of this parameter is close to zero, yield values change gradually
as it usually observed during hardening. This corresponds to the case where the plastic
strain rate is mostly defined by the total energy rate. In the limiting case of 1k (in Eq.
23 or 24) there will be a sudden change in the plastic strain rate when   s , and,
hence, s can be interpreted as a yield stress. Interestingly enough the gradual hardening
behavior is correlated directly with the partial amount of dissipated energy which is
proportional to the yield strain increment. Typical stress-strain curves with different
values of parameter k are shown in Fig. 6 and one can see that regardless of the value of
k, stress response converges to the same yield value.
In order to demonstrate that this rate-independent model provides accurate predictions we
first consider the well studied example of single FCC crystal with the ‘single-slip’
crystallographic orientation ]362[ as has been done in (Wu, Bassanni 1991 and Anand ,
Kothari 1996). We used model parameters for copper single crystals with noticeable
latent hardening (Bronkhorst et al 1992) and compared our model predictions against the
rate-dependent power model (Fig. 7). They are practically indistinguishable. Crystal
lattice re-orientation behaves as expected (see Figure 7) going from the original triangle
to the conjugate inverse triangle and then turning toward the (111) corner. The
deformation starts with the single slip system ]011)[111( and continues with the
activation of the second (conjugate) slip system ]011)[111( which corresponds to the
“bend” point on the inverse pole Figure 7. Predicted active slip systems are exactly what
has been reported by Wu and Bassani (1991b). Our model calculations for corner
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orientations [001] and [111] also coincide with the known results predicting stable
orientations and the corresponding 8 and 6 equally active slip systems specific for FCC
crystals. This demonstrates that our rate-independent model provides reliable predictions
for plastic deformation, guarantees the correct unique solution and can be used with the
broad range of hardening laws. Having now a rate-independent model proven for
classical hardening examples we can calibrate our parameters for Ni-based superalloy
PWA1484 with relatively small latent hardening and use the calibrated model for the
further analysis. Latent hardening of the Ni-based superalloy is very small as can be seen
from the second curve in Fig. 7. The stress-strain relations for simple tension of the PWA
1484 specimens with <001> and <111> crystal orientations at 982 C is shown in Fig 8.

5. Computational results for cyclic loading LCF and TMF

We use our combined creep-plasticity approach to model cyclic loading conditions and to
verify our simulation predictions against test results obtained on PWA 1484 Ni-based
superalloy at both isothermal conditions (LCF tests) and out of phase (OP) TMF tests.
The model parameters have already been calibrated during monotonic creep and
plasticity tests over broad range of temperatures, nominal stresses and applied strain
rates. During the reverse cycle the back stress is not yet steady and the absolute value of
the effective stress   reaches the critical value earlier than during the initial
“forward” loading step resulting in the so-called Bauschinger effect. During reasonably
fast strain controlled LCF, this effect does not play important role. In laboratory creep-
fatigue interaction tests the dwell time has typically been limited to 5 minutes per cycle.
In other words the specimen is deformed at a constant strain rate to some fixed strain and
then is held at this strain for a dwell time causing stress relaxation. It is important to note
that the cycle was symmetric ( 1R ) and relaxation time was applied under both
tension and compression conditions. The symmetry of cycles prevents ratcheting and
provides the data to calibrate our models for strain and kinematic hardening evolution.
During such a short time interval the creep process is essentially transient and our
primary creep model plays the very important role in stress-strain predictions.
Dislocations are nucleated under loading and dislocation cell structures dissolve
whenever the back stress and the effective RSS have different signs (i.e. during
unloading) and thus slowing the dislocation growth rate.

Results of our model comparison with test data are shown in Figs 9-12. Figure 9 (a and b)
shows a comparison of model predictions against experimental data for <001> single
crystal PWA1484 cyclically loaded up to 1% of strain amplitude at a temperature of
870 C. Due to strain hardening the hysteretic loop narrows as the number of cycles
increases. The first loop (Fig 9a) is approximately as twice as wide the observed stress-
strain relations at cycle number 30 (Fig. 9 b) where the cyclic loop is stabilized.
Modeling results obtained for a  231 single crystal orientation compared against test
data are shown in Fig. 10 for isothermal conditions at 870 C, a strain range of 0.8% and
for 1R . We use the < 231 > single crystal orientation since it initially has the single
slip system ]101)[111( active. The loop is extremely wide due to the relatively low yield
value for the single crystal along a single slip crystallographic direction and consequently
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the LCF life of this specimen is much shorter than the life of the specimen with a <001>
crystallographic orientation. Similar tests performed on the specimens with the <001>
crystallographic orientation show little or no hysteresis loop, at least within first thousand
of cycles. It is also important to note that the LCF life of the highly symmetric <001>
specimen was approximately 20 times longer than the results for loading along < 231 >
crystallographic direction. Comparison of the predicted response vs. test data
demonstrates that our model provides good predictions for both the monotonic and the
cyclic responses of a single crystal.

The dwell time during each cycle considerably reduces the fatigue life due to creep-
fatigue interactions, which in turn multiplies the damage growth rate. Dwell-fatigue tests
were performed at 982 C to the mechanical strain amplitudes of 0.5%. There are
practically no plastic effects observed because the maximum stress is well below yield.
Nevertheless the loop is wide open due to pure creep (actually, relaxation) effects. With
an increase in the number of cycles the loop width slightly increases (about 20%) and
stabilizes. The calculated and measured stress-strain curves at the cycle number 20 stress-
strain curves are shown in Fig 11. The test fracture micrograph shows the striation lines
and dimples due to inelastic effects (Fig 12). Fatigue cracking at high temperature takes
place due to both cyclic controlled and time dependent processes. We have also analyzed
the dwell-fatigue tests with loading along  111 crystallographic direction performed at
871 C to the mechanical strain amplitude of 0.4%. Due to the high Young’s modulus
along the <111> orientation the stresses reach yield and the loop is wide open due to both
plasticity and creep effects. Figure 13 illustrates the comparison between simulation
results and test measurements for the cycle number 10. The comparison is excellent.

The results shown above demonstrate that the developed combined crystal rate-
independent plasticity –creep model provides adequate prediction for monotonic as well
as cyclic loading conditions. Both test and modeling indicate that the material damage
per cycle depends on the stress-strain hysteresis loop width. Thus the interaction cannot
be expressed as a direct sum of fatigue and creep induced damages.
TMF tests have been performed on cylindrical specimens with periodic temperature
variations. The relatively long period thermal cycle has been defined by the necessity to
ensure that there is no temperature gradient across the specimen section. The cycle time
for continuous (non-dwell) tests varied from 2 to 3 minutes depending on the maximum
specimen temperature. All the reported tests were out of phase (OP) TMF cycle
(sometimes called Cycle I) and conducted in a strain control mode ( 1R ) using servo-
hydraulic machines. The test specimen was heated using a low frequency (10 kHz)
induction generator. Tests were generally discontinued when the load on the specimen
decreased by 70% in order to prevent damage to the extensometer and possibly the
heating system. In order to cool the specimen at the required rate, forced air-cooling via
an air blast directed on the specimen surface and/or through the center of the specimen
was employed. TMF tests have been conducted over different temperature ranges,
mechanical strains and crystallographic orientations. Temperature changes from 426 C to
maximum temperature value varying (from one group of tests to another) in the range of
980 C - 1150 C. Mechanical strain range is chosen to be either 0.5% or 0.8%; dwell time
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at maximum temperature was either 5 or 30 minutes and specimens with three
crystallographic orientation of (001), (111), and (123) have been tested.

During TMF cycling, latent hardening changes not only with strain but also with
temperature. Therefore, the rate of change of slip resistance should be function of both
slip rates and temperature rate. In order to predict latent hardening change with
temperature and strain simultaneously the strain hardening rule has been modified as
follows:
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Note that the extra  terms in equation (25) would force s to be an exact differential in
 and  if the absolute values were removed (for detailed discussion see Cassenti and

Annigeri, 1989). Of course, for isothermal conditions the second term is identically zero.

In Figure 14 we compare the computational results with test measurements for OP, no-
dwell tests of specimens with a (001) crystallographic orientation. The ratcheting (due to
kinematic hardening) caused by inelastic effects at test temperatures is significant and
slowly stabilizes after several hundred cycles. The shift of the stress-strain curves with
cycle accumulation increases the maximum tensile stress at low temperature. Keep in
mind that creep effects are suppressed at low temperature, and hence the major mode of
energy dissipation becomes cracking. Thus, increasing the maximum value of tensile
stresses with TMF cycles causes cracking at low temperature regime. Compression holds
at high temperature (even at low stress level) increases relaxation and accelerates the
ratcheting process. The low temperature maximum tensile stresses become much larger
over fewer cycles in this case, and as a result the TMF life decreases. We compare the
predicted stress-strain cycles with test data obtained for OP tests with 30 minutes dwell at
high temperature and a small mechanical strain amplitude of 2.5E-3 in Figure 15. Hot
compressive dwell noticeably increases the rate of ratcheting, since as the number of
cycles increases the tensile stress at low temperature conditions becomes much more
pronounced. Our model slightly over predicts initial ratcheting, but after about fifty
simulated cycles, model predictions finally stabilize at stress values close to the observed
ones as shown in Fig 16. Note that five minutes of compressive dwell time at 1040 C
decreased TMF lives of PWA 1484 specimens in approximately 3 times and 30 minutes
dwell reduced the TMF life 4 to 8 times depending on the strain range.

Crystallographic orientation also plays an important role in the overall elastic-plastic
response of the TMF test specimen. A comparison of simulation results against test data
for ( 231 ) oriented specimen is shown in Fig 16. One can see that the stress-strain
response is quite different and we might expect that in this case the TMF failure would be
driven by plastic dissipation rather than tensile stresses with no hysteresis, and
subsequently the TMF life should be shorter. In this case the observed number of cycles
to failure is more than 7 times smaller than in (001) oriented specimen.

We have completed a life prediction analysis of 41 specimens taken from different sets of
OP TMF and LCF tests. The TMF peak temperature varied from 1040 °C to 1150°C
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(with and without dwell times at high temperatures) and the LCF tests conducted at
constant temperatures varying from 815 C to 1040 C. The mechanical strain magnitude
varied from 0.25% to 1%.

We use the results of the constitutive model described above and evaluate the rate of
inelastic energy generation W4 per loading cycle:

dtW
cycle sslipsystem
 

























  

18,1
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We conducted numerical simulations up to 20 cycles after which the cycle shape, size
and positions stabilized. This is an idealization, especially for TMF tests, but as one will
see from the analysis below, the error is reasonably small. The test data analysis shows
that the value of the dissipated energy W controls the life of the specimens. It is worth
noting that the damage evaluated based on W effectively accounts for the combined
effect of fatigue and creep/plasticity through the width of the hysteresis loop and cannot
be readily decomposed into a direct summation of the damages caused by fatigue and
inelastic dissipation as widely used in engineering practice (i.e., Miner’s rule). If crack
propagation is controlled by a Paris law it is easy to show that the life is inversely
proportional to the maximum principal stress to some power ( m

max ).

We begin by assuming the change in the damage over one cycle, D , to vary according
to
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where max is the maximum principal stress, ,,,,, 21 mpCC  and k are constants.
The quantity TD is the thermal damage since we have observed that an increase of the
maximum temperature by 100 °C (from 1040 °C to 1150°C) results in an approximately
3 times reduction of the TMF life depending on the strain range and other parameters. As
has been already noted, high temperature dwell results in significant damage reducing the
specimen life. Thermally-induced damage is defined by the energy generation rate and
the effects of thermal-dwell effects that can be described with the help of the following
“effective hot time” Arrhenius type correction:
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   , has more physical meaning

but predictions obtained based on each of these parameters are close and we use inelastic energy generation
rate for the further explanations.
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Note also that the specimen life is controlled by the energy dissipation, or in other words,
damage initiation life varies with the variation of product  kTDW  where the power

1k reflects the part of the dissipated energy contributes to the failure process.

We can convert equation (27) into an evolution law for the damage by considering the
rate of change of state variables D , W and TD to be the average over one cycle. Then,

pDD   , pWW   and p
TT DD   where p is the loading cycle period. The

damage evolution equation now becomes
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If we now use the average over one cycle for the rates in W and TD , then equations (29)
does not vary over time and can be readily integrated. Based on the fact that damage

0D at time 0t and failure occurs at time ft when the damage 1D and

pff Nt  , we can modify the equation (29) to the following form:
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/2 as the number of cycles to failure due to inelastic rupture then

equation (30) becomes

RFf NNN

111
 . (31)

It is important to note that some tests, especially those involving non-corner orientations,
have extremely large values of W and subsequently resulting in low lives predicted by
standard methods of linear regression. The quantity  p

W1 is included to
accommodate this empirical observation. Equation (31) agrees with the work of Neu,
R.W., and U. Sehitoglu (1989), and indicates that failure due to elastic and fracture of
inelastic rupture are independent quantities.

Finally, we use regression to fit the coefficients 1C and 2C , in the empirical life
prediction formula. Once the fit is completed, the predicted lives are reasonably close
with a standard deviation for a log10-normal distribution of approximately 0.25 which is
well under one-half an order of magnitude. When the measured lives are plotted against
the predicted lives the results are within a 2X corridor as can be seen in Figure 17 below.
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7. Conclusions

The developed constitutive model has been implemented in the commercial finite
element software ANSYS as a material user routine. The equations governing the
mechanical response have been calibrated against experimental data. Such a calibrated
model accurately predicts the crystallographic lattice rotation during large deformation,
which is important during material processing as well as cyclic ratcheting, and is
especially noticeable during LCF and TMF cycles.

Based on our modeling results and their comparison with experiments it is possible to
conclude that the major deformation mechanisms of high temperature creep of Ni-based
single crystal superalloy are octahedral {111}(110) and cube {001}(110) crystallographic
slip. The increase of mobile dislocation density is the dominant mechanism for sigmoidal
creep and can be adequately described using a two-body interactions formalism from
chemical kinetics. We have also developed constitutive relations for primary creep using
the concept of a threshold value to be proportional to the square root of the total
dislocation density. The model predictions are very close to the test results. It is important
to notice that creep strain rate and especially primary creep strain rates are very sensitive
to the applied nominal stress values, making the primary creep negligible if the nominal
applied stress is less than 2/3 of the yield value.

We have developed a new rate-independent crystal plasticity formulation that is designed
for cyclic and non-isothermal loading conditions and can be readily applied to LCF/TMF
over an extremely wide range of conditions. It combines the advantageous of rate-
dependent and rate–independent formulation allowing for unique determination of the
amount of shear along active slip systems at each time/strain increment. The approach is
numerically robust and efficient, providing a working tool for low cycle fatigue (LCF)
and thermo-mechanical fatigue (TMF) prediction analyses.

We verified our creep-plasticity approach by modeling cyclic loading conditions and
comparing simulation predictions to test results obtained on PWA 1484 Ni-based
superalloy at both isothermal conditions and at OP TMF tests. The quality of the
prediction is very good. The analysis shows that the value of dissipated energy W over
the cycle controls the life of the specimens. Such a damage measure accounts for the
combined effect of fatigue and creep/plasticity through the width of the hysteresis loop
and cannot be decomposed into the direct summation of the damages caused by fatigue
and inelastic dissipation as is widely used in engineering practice. From this point of
view the creep-fatigue interaction is a crucial factor in decreasing the structural part life.

The combined theoretical-numerical-experimental study of the single crystal Ni-based
superalloy PWA 1484 reported here increases our understanding of visco-plastic
deformation in L12 systems; it holds substantial promise for future work. In particular,
the model can be used to more accurately account for thermal-cyclic and for non-
homogeneous transient temperature effects on structural component deformations and life
prediction.

18
Approved for public release; distribution unlimited.



Summarizing, we have developed a viscous (creep) formulation and combined it with a
new time independent formulation that accurately represents plastic deformations. We
have developed a method that can simulate TMF, and have developed an empirical fit for
the number of cycles to failure that effectively uses the dissipated energy (or equivalently
the entropy).
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Figure 1. Normalized constants Μ and Π for dislocation densities evolution as functions
of temperature.

Figure 2. Variation of saturated back stress  for octahedral and for cube slip systems
with temperature.
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Figure 3. Model predictions and creep test results at temperature 760 C. Lines #1 and #2
are tests and simulation results correspondingly of creep along (001) crystallographic
direction with nominal (initial) stress of 758 MPa. Lines #3 and # 5 are creep test results
along (111) direction conducted at nominal stress levels of 758 MPa and 620 MPa
correspondingly. Lines #4 is the simulation results for the test #3 and line #6 is the results
of simulations for the test curve #5.
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Figure 4. Model predictions and creep test results along (001) crystallographic direction
at temperature 870 C and two nominal stress levels of 414 MPa (no primary creep region)
and 550 MPa (with noticeable primary creep).
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(b)

Figure 5. Creep Prediction vs. experimental data for (a) 982 C. Results correspond to
three different nominal stress levels of 207 MPa, 248 MPa, and 344 MPa applied along
(001) crystallographic direction and of 248 MPa applied along (111) direction.
(b) 1038 C. Results correspond to three different nominal stress levels of 172 MPa, 186
MPa, and 248 MPa applied along (001) crystallographic direction.
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Figure 6. Typical stress-strain curves obtained with rate-independent model with
different values of parameter k0.
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Figure 7.Results of single crystal re-orientation prediction for simple tension. Simulation
results for copper with the high latent hardening demonstrate significant overshooting.
Ni-based superalloy shows very little hardening, so crystal orientation evolution takes
place close to the primary triangle border.
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Figure 8. Typical calculated stress-strain relationship for simple tension along (001) and
(111) crystallographic directions of PWA 1484
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(a)

(b)
Figure 9. Predicted stress-strain relations against experimental data for strain-controlled
cyclic test up to 1% strain along <001> crystallographic direction at 870 C. Results are
shown for the first cycle (a), and cycle 30 (b).
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Figure 10. Predicted stress-strain relations against experimental data for strain-controlled
cyclic test up to 0.8% strain range along  231 crystallographic direction at 870 C.
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Figure 11. Predicted and measured cyclic stress strain curves for <001> oriented
specimen at the temperature of 982 C, strain range of 1% with the symmetric cycle

)1( R and 5 min. dwell in both tension and compression.
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Figure 12. Fracture micrograph for the cyclic test with 5 minutes dwell and strain range
of 1% at 982 C.
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Figure 13. Predicted stress-strain relations against experimental data for strain-controlled
cyclic test up to 0.8% strain range along <111> crystallographic direction at 870 C
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Figure 14. Predicted stress-strain curve against test data for out of phase thermal
mechanical fatigue (OP TMF) test up to 0.25% strain range along (001) crystallographic
direction at the temperature range from 427 C to 1038 C

Figure 15. Predicted stress-strain curve against test data for out of phase thermal
mechanical fatigue (OP TMF) test up to 0.25% strain range along (001) crystallographic
direction at the temperature range from 427 C to 1038 C with hot dwell of 30 minutes
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Figure 16. Predicted stress-strain curve against test data for OP TMF test up to 0.4%
mechanical strain range along ( 231 ) crystallographic direction at the temperature range
from 427 C to 1038 C

Figure 17. Life Prediction is within 2X interval against measured data for both OP TMF
and isothermal LCF tests.
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